Introduction and statement of results
This note describes results on the structure of reflection subgroups of a Coxeter system ðW ; SÞ which together a¤ord an algorithm for computing the parabolic closure of (i.e. the parabolic subgroup of minimal rank containing) a given finitely generated subgroup of W .
Recall that the standard parabolic subgroups of W are the subgroups W J ¼ hJi generated by subsets J of S, and the parabolic subgroups of W are the W-conjugates of the standard parabolic subgroups; these notions depend on S. Any reflection subgroup W 0 of W has a canonical set of Coxeter generators (depending on S) which we denote by wðW 0 Þ. The notions of parabolic and standard parabolic subgroups, rank etc. of W 0 are defined in terms of the Coxeter generators wðW 0 Þ of W 0 . In Section 2, we provide more background on the above notions, and prove the following results. The proof of Proposition 1 shows that the sets of canonical Coxeter generators wðW i Þ can be e¤ectively determined from a finite set of generators of W 0 . Proposition 2 provides an e¤ective test for determining whether a finitely generated reflection subgroup of W is parabolic, since it involves only finitely many tests for conjugacy of elements of the finitely generated Coxeter group W J , and the conjugacy problem for (finitely generated) Coxeter groups is solvable in general (see [1] , [5] ; in fact, it is known from [10] that for any finitely generated Coxeter system ðW ; SÞ, there is a computable constant N A N such that if x; y A W are W -conjugate, there is an element w A W of length lðwÞ c NðlðxÞ þ lðyÞÞ with y ¼ wxw  À1 ). An explicit expression of the parabolic closure of W 0 as a W -conjugate of a standard parabolic subgroup of W may therefore be e¤ectively determined from a finite set of generators of W 0 using Corollary 3 and Proposition 2.
We remark that a quite di¤erent algorithm for computing the parabolic closure of a cyclic subgroup of W was given in [10] , where it was used as a preliminary step in various polynomial time algorithms for solving the conjugacy problem. Despite Proposition 2, an e¤ective test for conjugacy of finitely generated reflection subgroups of W in general is not known to the author.
Background and proof of results
As general references for facts on Coxeter groups and their reflection representations, root systems, Bruhat order etc. used here, see [2] and [9] 2.1. Let ðW ; SÞ be a Coxeter system, l : W ! N denote its standard length function, and T ¼ fwsw À1 j w A W ; s A Sg denote its set of reflections. For w A W , let NðwÞ :¼ ft A T j lðtwÞ < lðwÞg. Let c denote the Bruhat order on W , and e ¼ 1 W .
A subgroup W 0 of W is called a reflection subgroup if it is generated by W 0 V T. Let W 0 be a reflection subgroup of W . Then by [6] or [7] , W 0 has a canonical set of Coxeter generators
We say that a subgroup of W 0 is a standard parabolic subgroup of W 0 if it is generated by a subset of wðW 0 Þ. A subgroup of W 0 is called a parabolic subgroup of W 0 if it is conjugate in W 0 to a standard parabolic subgroup of W 0 . An algorithm for computing wðW 0 Þ from a finite set of reflections generating W 0 is described in [7] and in more detail in [6] . The cardinality of wðW 0 Þ will be called the rank of W 0 .
2.2.
Here we recall some general facts from [8] . 
To show this, regard N as a cocycle of W with values in the power set of T, regarded as additive abelian group under symmetric di¤erence and with left W -action by conjugation, as in [7] . The cocycle condition gives Consider the subsets R of T such that R ¼ wðhRiÞ and for each i A f1; . . . ; mg there is some directed path e ¼ w 0 ; w 1 ; . . . ; w n ¼ x i (with n and the w j depending on i) in W ðW ; SÞ with w j w À1 jÀ1 A R for j ¼ 1; . . . ; n. From above, such sets R are precisely the sets of canonical Coxeter generators of the reflection subgroups of ðW ; SÞ which contain W 0 . The above remarks also imply that the set of such subsets R, when ordered by inclusion, has only finitely many minimal elements, say R 1 ; . . . ; R n , and that the reflection subgroups W 1 ; . . . ; W n defined by W i ¼ hR i i for i ¼ 1; . . . ; n have the required properties. In fact, any minimal set R as above is a subset of the finite set T V fxy À1 j x c y c x i for some i A f1; . . . ; ngg, so the subsets R i are e¤ectively computable. r 2.4. Recall that a parabolic subgroup of a parabolic subgroup of W is itself a parabolic subgroup of W . Further, the intersection of two parabolic subgroups of W is a parabolic subgroup of both of them, and hence also a parabolic subgroup of W , by a well-known result of Kilmoyer (see [ 
